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ABSTRACT
The main feature of the spatial large-scale galaxy distribution is its intricate network
of galaxy filaments. This network is spanned by the galaxy locations that can be
interpreted as a three-dimensional point distribution. The global properties of the
point process can be measured by different statistical methods, which, however, do not
describe directly the structure elements. The morphology of the large scale structure,
on the other hand, is an important property of the galaxy distribution. Here we apply
an object point process with interactions (the Bisous model) to trace and extract the
filamentary network in the presently largest galaxy redshift survey, the Sloan Digital
Sky Survey (SDSS). We search for filaments in the galaxy distribution that have a
radius of about 0.5 h−1Mpc. We divide the detected network into single filaments
and present a public catalogue of filaments. We study the filament length distribution
and show that the longest filaments reach the length of 60 h−1Mpc. The filaments
contain 35–40% of the total galaxy luminosity and they cover roughly 5–8% of the
total volume, in good agreement with N -body simulations and previous observational
results.
Key words: methods: data analysis – methods: statistical – catalogues – galaxies:
statistics – large-scale structure of Universe.
1 INTRODUCTION
Large galaxy redshift surveys reveal that the Universe has
a salient weblike structure, called the cosmic web (Jo˜eveer,
Einasto & Tago 1978; Bond, Kofman & Pogosyan 1996).
Galaxies and matter in the Universe are arranged into a
complex weblike network of dense compact clusters, elon-
gated filaments, weak two-dimensional sheets, and huge
near-empty voids.
The cosmic web is one of the most intriguing and strik-
ing patterns found in nature, rendering its analysis and char-
acterisation far from trivial. The absence of objective and
quantitative procedures for identifying and isolating clus-
ters, filaments, sheets, and voids in the large-scale matter
distribution has been a major obstacle in investigating the
? E-mail: elmo.tempel@to.ee
structure and dynamics of the cosmic web. On the other
hand, identification and quantitative description of the de-
tails of the cosmic web is important for a broad range of
cosmological issues. It contains information about the struc-
ture formation physics, and is a rich source of information on
the global cosmology. The evolution, structure, and dynam-
ics of the cosmic web depend on the nature of dark matter
and dark energy, and on the properties of the initial den-
sity fluctuations generated in the very early Universe. Thus,
these factors must have left their imprint on the web, on its
geometry and topology. Thus probes of the large scale struc-
ture, such as wide and deep galaxy surveys, enable us to test
current physical and cosmological theories and improve our
understanding of the Universe.
From an observational point of view there is clear ev-
idence that certain observed properties of galaxies corre-
late with their environment. For example, the morphology-
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density relation stipulates that elliptical galaxies are found
preferentially in crowded environments and spiral galaxies
are found in the field (Einasto et al. 1974; Dressler 1980).
The same kind of correlation can be found in terms of the
colours and morphology of galaxies (Blanton et al. 2005;
Tempel et al. 2011), their star formation histories, and ages.
Usually, in environmental studies only the local or
global density is used, but various indications argue for a
more intricate connection (Lee & Lee 2008). While all mor-
phological types of galaxies correspond to a well-defined
range in density, this alone is not sufficient to differentiate
between them: the connection between density and morphol-
ogy is more intricate. It is also known that the spin of dark
matter haloes is correlated with the underlying web elements
(Navarro et al. 2004; Brunino et al. 2007; Arago´n-Calvo et al.
2007b; Zhang et al. 2009; Hahn et al. 2010; Codis et al. 2012;
Libeskind et al. 2012, 2013; Arago´n-Calvo 2013; Trowland
et al. 2013). Observations indicate that the rotation axes
of galaxies are aligned with galaxy filaments (Trujillo, Car-
retero & Patiri 2006; Lee & Erdogdu 2007; Jones, van de
Weygaert & Arago´n-Calvo 2010; Cervantes-Sodi, Hernan-
dez & Park 2010; Tempel, Stoica & Saar 2013; Zhang et al.
2013; Tempel & Libeskind 2013). Comparing the proper-
ties of galaxies with the structure of the cosmic web yield
valuable information about the formation and evolution of
galaxies.
Galaxy maps are visually dominated by filaments. Fil-
aments are traced by galaxies and groups and often occupy
the regions between massive clusters (Pimbblet, Drinkwa-
ter & Hawkrigg 2004; Murphy, Eke & Frenk 2011; Dietrich
et al. 2012; Jauzac et al. 2012), however, filaments can also
be located in voids (Beygu et al. 2013; Rieder et al. 2013).
The prominent filamentary channels may contain up to 40%
of the matter in the Universe (Forero-Romero et al. 2009;
Jasche et al. 2010). Also, theoretical studies (e.g. Cen & Os-
triker 1999) have suggested that around half of the warm gas
in the Universe, presumably accounting for the low-redshift
missing baryons (Fukugita, Hogan & Peebles 1998; Viel et al.
2005), is hidden in filaments.
Translating the visual impression of the cosmic web into
an algorithm that classifies the local geometry into different
environments is not a trivial task, and much work is being
done in this direction. Cautun, van de Weygaert & Jones
(2013) gives a good overview about the various structure
finding algorithms currently available. Among them are the
algorithms based on the gravitational tidal tensor – the Hes-
sian of the gravitational potential (Hahn et al. 2007; Lee &
Lee 2008; Bond et al. 2010a,b; Forero-Romero et al. 2009;
Wang et al. 2012), on the velocity field (Shandarin 2011;
Hoffman et al. 2012; Wang et al. 2013), skeleton analysis
(Novikov, Colombi & Dore´ 2006; Sousbie et al. 2008), wa-
tershed segmentation (Platen et al. 2007; Arago´n-Calvo et al.
2010a), the tessellations (Doroshkevich et al. 1997; Gonza´lez
& Padilla 2010; Sousbie 2011; Sousbie et al. 2011; Shan-
darin et al. 2012; Arago´n-Calvo et al. 2007a, 2010b; Arago´n-
Calvo 2013), Bayesian sampling of the density field (Jasche
et al. 2010), minimal spanning tree (Alpaslan et al. 2013),
and multi-scale probability mapping (Smith et al. 2012).
All these methods are based on different assumptions and
provide different results. Of course, any environment finder
should be evaluated by its merits. A good algorithm should
provide a quantitative classification which agrees with the
visual impression and it should be based on a robust and
well-defined numerical scheme.
In this work, the detection of filaments is performed us-
ing a marked point process with interactions, called Bisous
model (Stoica, Gregori & Mateu 2005a). This model approx-
imates the filamentary network by a random configuration of
small segments or cylinders that interact and connect while
building the network. The model was already successfully
applied to observational data and to mock catalogues (Sto-
ica, Mart´ınez & Saar 2007b, 2010). The filaments found in
these papers delineate well the filaments detected by eye and
they were evaluated by Monte Carlo statistical tests. This
approach has the advantage that it works directly with the
original point process and does not require smoothing to cre-
ate a continuous density field. Our method can be applied
to relatively poorly sampled data sets, as the galaxy maps
are; it can be applied both to observations and simulations.
Some of the previously mentioned methods can be applied
only to simulations, which makes their use limited.
Here, our marked point process methodology is adapted
in order to apply it to the SDSS data set. Based on the de-
tection obtained using the Bisous model, filament spines are
extracted and a filaments catalogue is built. This compiled
data can be further used in order to study the properties of
filaments and galaxies therein, and their relationship with
galaxy clusters. Most of all the previously cited filaments
detection methods are based on the calculus of some gra-
dient, statistics or other measures characterising locally the
filament, followed by a merging, tracking or filtering proce-
dure. The main advantage of using a marked point process
methodology is that it comes freely with a natural way of
integration provided by the probability theory. In this way
a simultaneous morphological and statistical characterisa-
tion of the filamentary pattern is allowed. Completing this
approach with the spine detection, connects this probabilis-
tic methodology with the richness and the efficiency of the
deterministic techniques already developed.
The paper is organised as follows. In Sections 2 and 3
we describe the data used and the mathematical tools. In
Section 4 we define how we build the simulation and extract
the spines of filaments. In Sections 5 and 6 we present and
discuss our results. The description of the catalogue is given
in Appendix A.
Throughout this paper we assume the WMAP cosmol-
ogy: the Hubble constant H0 = 100h km s
−1Mpc−1, the
matter density Ωm = 0.27 and the dark energy density
ΩΛ = 0.73 (Komatsu et al. 2011).
2 SDSS DATA
Our present study is based on the Sloan Digital Sky Survey
(SDSS) data release 8 (York et al. 2000; Aihara et al. 2011).
The galaxy redshifts are typically accurate to ∼ 30 km s−1,
making it ideal for studies of the large-scale structure. We
use only the main contiguous area of the survey (the Legacy
Survey) and the spectroscopic galaxy sample as compiled
in Tempel, Tago & Liivama¨gi (2012). The lower Petrosian
magnitude limit for this sample is set to mr = 17.77, since
for fainter galaxies, the spectroscopic sample is incomplete
(Strauss et al. 2002). To exclude the Local Supercluster
from the sample, the lower CMB-corrected distance limit
c© 2013 RAS, MNRAS 000, 1–20
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z = 0.009 was used. The upper limit was set to z = 0.155
(450 h−1Mpc), since at larger distances the sample becomes
very diluted. The sample includes 499340 galaxies.
Due to the peculiar velocities of galaxies, which in-
troduce Doppler effects in the redshift measurement (Jack-
son 1972; Davis & Peebles 1983; Kaiser 1987), the compact
structures in redshift-space are elongated along the line of
sight. This is the so-called Finger-of-God effect, as first in-
troduced by Tully & Fisher (1978). To find the filamentary
structure in the SDSS data, we have to suppress first the
redshift distortions for groups. For that we use the Friends-
of-Friends (FoF) groups compiled in Tempel et al. (2012);
the details of the group finding algorithm are explained in
Tago et al. (2008, 2010). We spherize the groups using the
rms sizes of galaxy groups in the sky and their rms radial
velocities as described in Liivama¨gi, Tempel & Saar (2012)
and Tempel et al. (2012). The method is similar to that pro-
posed by Tegmark et al. (2004). Such a compression will lead
to a better estimate of the density field and can help to find
the real filamentary structure. Nevertheless, this compres-
sion may suppress some of the line-of-sight filaments, since
the friend-of-friend group finding algorithms cannot distin-
guish between groups and exactly line-of-sight filaments.
Thus, unique recovery of the real-space structures is gen-
erally not possible. We note that in principle the redshift-
space distortions can be modelled more accurately, introduc-
ing a density-dependent peculiar velocity sampling scheme
(Kitaura & Enßlin 2008; Heß, Kitaura & Gottlo¨ber 2013).
However, we defer this to future work, since this will affect
only a small number of filaments.
To define the filamentary structure, we use Cartesian
coordinates based on the SDSS angular coordinates η and
λ, allowing the most efficient placing of the galaxy sample
cone inside a brick: we used the same coordinates to define
the superclusters of galaxies in Liivama¨gi et al. (2012). The
galaxy coordinates are calculated as follows:
x = −dgal sinλ
y = dgal cosλ cos η (1)
z = dgal cosλ sin η,
where dgal is the finger-of-god suppressed co-moving dis-
tance to a galaxy.
We refer to Tempel et al. (2012) for a more detailed
description of the galaxy sample.
3 MATHEMATICAL TOOLS
In this section we describe the main tools we use to study
and extract the filamentary pattern of the galaxy distribu-
tion in the Universe. First of all, a very short and intuitive
definition of marked point processes is given. For a rigor-
ous study of this subject we recommend as a starting point
Stoyan, Kendall & Mecke (1995), van Lieshout (2000), and
Møller & Waagepetersen (2004). Next, our marked point
process based methodology is presented. This methodology
includes: the construction of the Bisous model, a simulation
algorithm, and an optimisation procedure. For a detailed
mathematical description together with the necessary con-
vergence proofs of the method, we recommend Stoica et al.
(2005a, 2007b, 2010).
3.1 Marked point processes
Point processes are random configuration of points. If the
points are labelled using a random mark, we speak about
a marked point process. If the marks are the characteris-
tics of a random geometrical object, we may say that we
have an object point process. These processes were used
by Mart´ınez & Saar (2002) to study the spatial distribution
of galaxies. The observed galaxies were seen as the realisa-
tion of a marked point process, as follows. The centres of the
galaxies were the locations in a point process, whereas the
different characteristics of the galaxies (mass, luminosity,
etc.) were the marks associated to the corresponding loca-
tions. The marked point processes mathematical framework
allowed the authors to describe the galaxy population, to de-
fine statistical descriptors, and to derive the corresponding
estimators (Mart´ınez, Arnalte-Mur & Stoyan 2010).
The simplest marked point process is the Poisson pro-
cess. In this process the number of points is chosen according
to a Poisson distribution, while the points are spread inde-
pendently uniform in the location space where the marked
process lives. Then, to each point a mark is attached inde-
pendently identically distributed with respect to the marks
distribution. The previous process is called simple, because
the independence assumption involves no interaction be-
tween objects. Such interactions can be defined by means of
a probability density with respect to the reference measure
given by the unit intensity marked Poisson point process
(van Lieshout 2000; Møller & Waagepetersen 2004; Stoica
et al. 2005a).
3.2 Bisous model
The marked point process we propose for filamentary detec-
tion is different from the ones already used in cosmology. In
fact, we do not model the galaxies, but the structure out-
lined by the galaxy positions.
Let K be a cosmological sample of finite volume
0 < ν(K) < ∞, where a finite number of galaxies
d = {d1, d2, . . . , dn} are observed. The galaxies positions are
measured in Cartesian coordinates. For SDSS the Eq. (1) de-
fines the coordinates. The feature we are interested in is the
filamentary network outlined by the galaxies positions.
The main hypothesis of our work is that the filamentary
network is made of a random configuration of connected
and aligned cylinders, that is the realisation of a marked
point process. This marked point process is named Bisous
model and it was specially designed to generate and analyse
random spatial patterns (Stoica et al. 2005b, 2007b). We
assume that locally, galaxies may be grouped together in-
side a rather small cylinder. We also assume that such small
cylinders may combine to form a filament if neighbouring
cylinders are aligned in similar directions. So, the elements
of our marked point process are the centres of the cylinders
and their corresponding geometrical shapes. Cylinders are
located in the same volume where galaxies are.
A cylinder is an object characterised by its centre k ∈ K
and shape parameters. The shape parameters of a cylinder
are the radius r, the length h, and the orientation vector ω.
The radius is considered fixed. The length varies uniformly
within the interval [hmin, hmax] that will be specified later in
this paper. The orientation vector parameters ω = φ(η, τ)
c© 2013 RAS, MNRAS 000, 1–20
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Figure 1. A two-dimensional projection of a cylinder with its
shadow within a pattern of galaxies (points). The attraction re-
gions are shown as spheres. The exact shape of the cylinder, its
shadow, and attraction regions depend on the model.
are uniformly distributed on [0, 2pi)× [0, 1], such that
ω =
(√
1− τ2 cos(η),
√
1− τ2 sin(η), τ
)
. (2)
Hence, the mark of our process is given by M =
[hmin, hmax]× [0, 2pi)× [0, 1] and its attached uniform distri-
bution νM . We denote the cylinder by s(y) = s(k, r, h, ω) ⊂
K.
Two extremity rigid points (end points) are attached to
each cylinder s(y). Around each of these points a sphere of
the radius ra is centred. These two spheres form an attrac-
tion region that are used to define connectivity and align-
ment rules for cylinders (see Sect. 3.4). We illustrate the
basic cylinder in Fig. 1, where it is centred at the coordi-
nate origin and its symmetry axis is parallel to the x-axis.
The coordinates of the end points are
eu =
(
h
2
(−1)u+1, 0, 0
)
, u ∈ {1, 2} (3)
and the orientation vector is ω = (1, 0, 0).
Let y = {y1 = (k1,m1), y2 = (k2,m2), . . . , yn =
(kn,mn)} be a configuration of cylinders, where mi denotes
the mark. The unit intensity independently marked Pois-
son process constructs a configuration of cylinders as fol-
lows. First, the number n of cylinders is chosen according
to a Poisson law of parameter ν(K). Then the lengths and
the orientation vectors are chosen independently following
νM . Such a configuration has only very few connected and
aligned cylinders. This effect is just a chance product. In or-
der to obtain random configurations made of connected and
aligned cylinders, a model defined by a probability density is
needed. Such a probability density is specified with respect
to the reference Poisson process and it can be written
p(y|θ) = exp [−U(y|θ)]
Z(θ)
(4)
where Z(θ) is the normalising constant, θ is the vector of the
model parameters, and U(y|θ) is the energy function of the
system (its equivalent in physics is the total Gibbs energy
of a system).
We assumed above that locally, galaxies may be
grouped together inside a rather small cylinder, and such
small cylinders may combine to form a filament if neigh-
bouring cylinders are aligned in similar directions.
Following these two ideas the energy function in (4) can
be specified as:
U(y|θ) = Ud(y|θ) + Ui(y|θ), (5)
where Ud(y|θ) is the data energy (see Sect. 3.3) and Ui(y|θ)
is the interaction energy (see Sect. 3.4) associated with the
first and second assumptions above, respectively. In fact, the
data energy is related to the position of the cylinders in the
galaxy field, whereas the interaction energy is related to the
alignment and connection of the cylinders constructing the
filamentary pattern.
Being in the possession of the model, the parameters
have to be chosen. Here, the Bayesian framework is adopted
and the parameters are described by a prior law p(θ) (Sto-
ica et al. 2007a,b, 2010). This allows us to write the joint
estimator of the filamentary pattern and the parameters as
(ŷ, θ̂) = arg max
Ω×Ψ
p(y, θ) = arg max
Ω×Ψ
p(y|θ)p(θ)
= arg min
Ω×Ψ
{
Ud(y|θ) + Ui(y|θ)
Z(θ)
+
Up(θ)
Zp(θ)
}
, (6)
where p(θ) = exp[−Up(θ)]/Zp(θ) is the prior law for the
model parameters and Ψ is the model parameters space.
The Bayesian framework was preferred, since we be-
lieve, that for the problem at hand, it is much more natural
to give a characterisation of the parameters by a probabilis-
tic law, instead of a fixed value. Nevertheless, even in this
case, some tuning of the model based on trial and error, is
needed. The solution we obtain is not unique. In practise,
the shape of the prior law p(θ) may influence the solution,
making the result to look more random compared with a
result obtained for fixed values of parameters. Therefore, we
have derived tools that are able to average the obtained so-
lution and to state that the obtained results are really due
to the data, and not to a random effect of the presented
methodology (Stoica et al. 2007a,b, 2010). Full details con-
cerning the set-up of the method and the analysis of the
results obtained are given later in this paper.
The paper continues with the presentation of the en-
ergy terms, the simulation technique, and an optimisation
algorithm.
3.3 Data energy
The data energy term is related to the local definition of a
galactic filament. This is still an important open problem.
Here, we consider that locally, the galaxies positions form a
filament, if they are situated inside a rather small cylinder,
while fulfilling simultaneously several criteria. The first one
is that the galaxies positions should be spread more or less
uniformly a long the main symmetry axis of the cylinder.
The second one is that inside a cylinder there should be
more galaxies than outside of it, that is inside the close-by
neighbourhood of the cylinder. And finally, in order to avoid
some clustering effect, the galaxies forming the filaments
should be encouraged to get aligned as much as possible
along the main symmetry axis of the cylinder.
Under these circumstances, the data energy of a config-
uration of cylinders y is defined as the sum of the energy
contributions corresponding to each cylinder:
Ud(y|θ) = −
∑
y∈y
v(y), (7)
c© 2013 RAS, MNRAS 000, 1–20
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where v(y) is the potential function associated with the
cylinder y. This potential takes into account the previously
mentioned criteria and it depends on d (the field of galaxies)
and the model parameters given by θ.
In order to give a mathematical description of these re-
quirements, an extra cylinder is attached to each cylinder y,
with exactly the same parameters as y, except for the radius
which equals 2r. Let s˜(y) be the shadow of s(y) obtained by
the subtraction of the initial cylinder from the bigger cylin-
der. The cylinder and its shadow are shown in Fig. 1. Then,
we divide each cylinder into three equal volumes along its
main symmetry axis, and denote by s1(y), s2(y), and s3(y)
their corresponding shapes.
Let us assume that locally the number of galaxies inside
and around a cylinder, follows a Poisson distribution.
The first criteria requires the “local uniform spread” of
the galaxies along the main symmetry axis of the cylinder.
Under the Poissonian assumption, let λi, i = 1, . . . , 3 be the
intensity parameters of the corresponding distributions for
the shape regions si(y). If the underlying Poissonian process
is stationary, “local uniform spread” requires all the λi to
be equal. However, filaments are lumpy by nature – e.g.,
the filaments in Pimbblet et al. (2004) and the well-known
Perseus Chain (Jo˜eveer & Einasto 1978). To take this into
account, we relax the uniformity assumption by requiring
λi/λj to be smaller than chosen threshold.
For any two regions si(y) and sj(y) with i 6= j, a statis-
tical test can be done to compare λi and λj (Przyborowski &
Wilenski 1940; Kirshnamoorty & Thomson 2004). The test
is
H0,i,j :
λi
λj
6 ρu against Ha,i,j :
λi
λj
> ρu, (8)
for all pairs of indices i, j ∈ {1, . . . , 3|i 6= j}, where ρu > 1
is a given threshold value.
Now, for a given pair (i, j), the observed number of
galaxies in si(y) and sj(y) is Xi = m and Xj = n, respec-
tively. Then, the p-value for this test is computed using a
binomial law of parameters n+m and p(ρu) = ρu/(1 + ρu)
as follows
pu(si(y), sj(y)) = P(Xi > m|Xi +Xj = m+ n, p(ρu))
= P(Bin(n+m, p(ρu)) > m). (9)
Six such tests are necessary to verify the “local uniform
spread” condition. The obtained score is
pu(y) = min{pu(si(y), sj(y)), i, j∈{1, . . . , 3|i 6= j}}. (10)
Notice, that this global test is equivalent with verifying
1/ρu 6 λi/λj 6 ρu with i < j. Hence, it guarantees a mini-
mum density for the galaxies inside a cylinder cell.
The second criteria demands for “locally high density”
of galaxies inside of a cylinder comparing to the density
of galaxies in the close-by neighbourhood of the cylinder.
Under the Poissonian assumption, the test is
H0 :
λ
λ˜
> ρh against Ha :
λ
λ˜
< ρh, (11)
with ρh a given threshold value. It is important to notice that
the volumes ratio of s(y) and s˜(y) plays an important role
in choosing the appropriate value of ρh. For instance, if ρh =
1/3 this tests if the two processes have the same intensity, if
ρh = 1 this tests if the intensity inside the cylinder is three
times higher than inside its shadow.
If the observed number of galaxies inside s(y) and s˜(y)
is X = m and X˜ = n −m, respectively, the p-value of the
test is computed using a binomial distribution of parameters
n and p(ρh) = ρh/(1 + ρh)
ph(y) = P(X 6 m|X + X˜ = n, p(ρh)) = (12)
= P(Bin(n, p(ρh)) 6 m).
To take into account both tests simultaneously, the fol-
lowing score is defined
phyp(y) = pu(y) · ph(y). (13)
The previous tests are based on counts of points in some
pre-defined regions. In order to take into account the spatial
distribution of galaxies in a cylinder we define the cylinder
concentration as
σ2 =
1
n− 2
n∑
j=1
δ2j
r2
, (14)
with n the number of galaxies covered by the cylinder, δj
the distance from the jth galaxy inside the cylinder to its
main symmetry axis, and r is the cylinder radius. The weight
1/(n−2) is chosen to eliminate some pathological cases with
too few points covered by a cylinder (there must be at least
three galaxies inside a cylinder). Clearly, the concentration
σ2 has a minimum when the symmetry axis of the cylinder
coincides with the least mean square line passing through
the cloud of points, given by the galaxy positions inside the
cylinder.
It is important to notice that the use of this term may
induce a local Gaussian assumption. This may be considered
contradictory to the Poisson hypothesis previously used.
Nevertheless, the use of these two strategies is complemen-
tary: the first two requirements impose conditions on the
number of galaxies inside a cylinder, while the third one im-
poses conditions on the spatial distribution of these galaxies.
The term given by (14) is also a very good indicator of a lo-
cally high density and a better estimator for the filament
axis.
The potential function v(y) of the cylinder is built using
the previous statistical tests and criteria. Let us assume that
for the cylinder y, the p-value phyp is computed as previously,
and let σ2(y) be the cylinder concentration. We want v(y)
to be maximum for the “best” location of the cylinder in
the galaxy field. This allows the definition of the potential
function as
v(y) =
{
−σ2(y) + chyp log [phyp(y)] if n > nmin
−∞ if n < nmin
(15)
with n the number of galaxies covered by the cylinder s(y)
and nmin a given threshold value. Here, the formula (14)
suggests nmin > 3. The parameter chyp > 0 is required to
make the two terms comparable: this allows to use these two
strategies safely together.
This gives for the data energy defined by Eq. (7):
Ud(y|θ) = −
∑
y∈y
{
chyp log [phyp(y)]− σ2(y)
}
, (16)
and for the data term model
pd(y|θ) ∝ exp [−Ud(y|θ)]
∝ exp
[
−
∑
y∈y
σ2(y)
]∏
y∈y
[phyp(y)]
chyp . (17)
c© 2013 RAS, MNRAS 000, 1–20
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c2 c3
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Figure 2. A two dimensional representation of a cylinder config-
uration: attraction regions are shown with spheres. In this config-
uration, we observe that the cylinders c1−c2, c2−c3, and c3−c4
are connected. The cylinders c1, c3, and c4 are connected to the
network through one end point, while c2 is connected to the net-
work through both end points. The cylinders c5 and c6 are not
connected to anything, c3− c6 are attracting each other but they
are not well aligned, and c5 is not attracted to any other cylinder.
The cylinder c5 is rejecting the cylinders c2 and c4 (the centres of
these cylinders are too close), but as it is rather orthogonal both
to c2 and c4, it is not repulsing them. The cylinders c2 and c4
reject each other and are not orthogonal, so they form a repulsive
pair.
The data term model (17) is a super-position of inho-
mogeneous Poisson point processes with respect to the ref-
erence measure. Since the number of galaxies is finite and
since the observed window has a limited volume, the term
σ2 is always finite. Therefore, the data term model is locally
stable, hence it designs a well defined model that has an
integrable probability density.
One more point has to be retained concerning the data
term. The use of p-values for constructing a potential func-
tion is different of the use of the values for “purely” statis-
tical tests. In this last situation Bonferroni or Sˇida´k correc-
tions are required.
3.4 Interaction energy
The interaction energy is related to the relative position of
the cylinders forming the network and its expression is as
follows
Ui(y|θ) = −nk(y) log γk −
2∑
s=0
ns(y) log γs, (18)
where nk(y) is the number of repulsive cylinder pairs and
ns(y) is the number of cylinders connected to the network
through s extremity points. The variables log γk and log γs
are the potentials associated with these configurations, re-
spectively.
The interaction energy (18) is defined in the same way
as in Stoica et al. (2010).
Two cylinders are considered repulsive, if they are re-
jecting each other and if they are not orthogonal. We say
that two cylinders y1 = (k1, r, h1, ω1) and y2 = (k2, r, h2, ω2)
reject each other if their centres are closer than the minimum
allowed distance between cylinders, d(k1, k2) < 0.5(h1 +
h2) − ra. Two cylinders are considered to be orthogonal if
|ω1 · ω2| 6 τ⊥, where · is the scalar product of the two ori-
entation vectors and τ⊥ ∈ (0, 1) is a predefined parameter.
So, a certain range of mutual angles is allowed for cylinders
considered to be orthogonal.
Two cylinders are connected if they attract each other,
do not reject each other, and are well aligned. Two cylinders
attract each other if the distance between the cylinder end
points is smaller than the interaction radius ra (see Fig. 1).
Two cylinders are well aligned if |ω1 · ω2| > 1 − τ‖, where
τ‖ ∈ (0, 1) is a predefined parameter.
To illustrate these definitions, we show an example con-
figuration of cylinders (in two dimensions) in Fig. 2. Alto-
gether, the configuration at Fig. 2 adds to the interaction
energy contributions from three single-connected cylinders
(c1, c3, c4), one doubly-connected cylinder (c2), two free
cylinders (c5, c6), and one repulsive cylinder pair (c2, c4).
The complete model (4) that includes the definition of
the data energy and of the interaction energy is well de-
fined for parameters γ0, γ1, γ2 > 0, chyp > 0, and γk ∈ [0, 1].
The definition of the interactions and the parameter ranges
chosen ensure that the complete model is locally stable
(van Lieshout 2000; Møller & Waagepetersen 2004; Sto-
ica et al. 2005a). This property ensures that we can safely
use this model without expecting any dangers (integrability,
convergence, numerical stability, etc). The values of the in-
teraction parameters (γs, γk) and of the data parameter chyp
have to be fixed taking into account the weight of each en-
ergy component and also the underlying galaxy field. If the
interaction energy parameters are too strong, then the fila-
mentary network may appear in location where the galaxies
form no filaments. If the data energy parameters are too
strong, then the filamentary pattern will be well located but
not really forming a filamentary network. This is a normal
compromise to be found such as in solution regularisation or
Bayesian analysis. The Sect. 4.1 shows how these parameters
were set.
3.5 Simulation of the model and optimisation
algorithm
Several Markov chains Monte Carlo (MCMC) techniques
are available to simulate marked point processes: spatial
birth-and-death processes, Metropolis-Hastings algorithms,
reversible jump dynamics or more recent exact simulation
techniques (Geyer & Møller 1994; Green 1995; Geyer 1999;
Kendall & Møller 2000; van Lieshout 2000; van Lieshout &
Stoica 2006).
In this paper, we need to sample from the joint proba-
bility density law p(y, θ). This is done by using an iterative
MCMC algorithm. An iteration of the algorithm consists
of two steps. First, a value for the parameter θ is chosen
with respect to p(θ). Then, conditionally on θ, a cylinder
pattern is sampled from p(y|θ) using a Metropolis-Hastings
algorithm (Geyer & Møller 1994; Geyer 1999).
The Metropolis-Hastings (MH) algorithm we used is
built using three types of moves (van Lieshout & Stoica 2003;
Stoica et al. 2005a, 2007b, 2010).
• Birth: with a probability pb a new cylinder ζ, sampled
from the birth rate b(y, ζ), is proposed to be added to the
present configuration y. The new configuration y′ = y∪{ζ}
is accepted with the probability
min
{
1,
pd
pb
d(y ∪ {ζ}, ζ)
b(y, ζ)
p(y ∪ {ζ})
p(y)
}
. (19)
• Death: with a probability pd a cylinder ζ from the cur-
rent configuration y is proposed to be eliminated according
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to the death proposal d(y, ζ). The role of this move is to en-
sure the detailed balance of the simulated Markov chain and
its convergence towards the equilibrium distribution. The
probability of accepting the new configuration y′ = y\{ζ}
is computed reversing the ratio (19).
• Change: with a probability pc we randomly choose a
cylinder ζold in the configuration y and propose to slightly
change its parameters using uniform proposals. For the se-
lected element, we may change its location within the vicin-
ity ∆k of its centre and change its orientation within a small
angle tolerance ∆ω with respect its initial orientation. The
new element obtained is ζnew. This move improves the mix-
ing properties of the sampling algorithm. The new configura-
tion y′ = y\{ζold} ∪ {ζnew} is accepted with the probability
min
{
1,
p(y\{ζold} ∪ {ζnew})
p(y)
}
. (20)
Some practical details concerning the MH dynamics im-
plementation are given below. For a complete description we
recommend van Lieshout & Stoica (2003) and Stoica et al.
(2005a).
The uniform choices b(y, ζ) = 1/ν(K) and d(y, ζ) =
1/n(y) are commonly adopted for their simplicity and be-
cause they guarantee the necessary convergence properties
of the simulated Markov chain, such as irreducibility, Harris
recurrence, and geometric ergodicity. For the probabilities
pb, pd, and pc, all the convergence properties are preserved
as long as pb + pd + pc 6 1. Here, ν(K) is the Lebesgue
measure (volume) and n(y) is the number of cylinders in
the configuration.
Nevertheless, when the model to simulate exhibits com-
plicated interactions, such an update mechanism built of
uniform birth and death proposals may be very slow in prac-
tice. Here the strategy proposed by van Lieshout & Stoica
(2003) and Stoica et al. (2005a) is adopted. This strategy
uses adapted moves that help the model. In our case, the
new cylinder can be added uniformly in K (the observed
volume) or can be randomly connected with the rest of the
network. This mechanism helps to build a connected network
and it can be implemented using a non-uniform mixture for
the birth proposal
b(y, ζ) =
p1
ν(K)
+ p2ba(y, ζ), (21)
with p1 + p2 = 1 (p2 is the probability to add a connected
cylinder) and ba(y, ζ) is a probability density proposing at-
tracting and well aligned (e.g. connected) cylinders. The ex-
pression of ba(y, ζ) is given by
ba(y, ζ) =
1
n[A(y)]
∑
y∈A(y)
b˜(y, ζ), (22)
where A(y) is the set of cylinders in the configuration y
which have at least one end point able to create connec-
tions, and n[A(y)] is the number of such cylinders in the
configuration. Note that neglecting the edge effects, n[A(y)]
is the number of 0- and 1-connected cylinders in configu-
ration. After choosing uniformly an object y from the set
A(y), a new object ζ = (kζ , ωζ) is proposed to be added
using the density
b˜(y, ζ) =
1{k ∈ a˜(y)}
ν[a˜(y) ∩K]
1
τ‖
, (23)
where a˜(y) is the region built from the union of attraction
balls of y which are not containing the end of any other
attracting cylinder in the configuration y, ν[a˜(y) ∩ K] is
the volume of those attraction balls, and 1{·} is the indi-
cator function that selects the cylinders the new cylinder ζ
may be connected with. Here, one end point of the proposed
connected cylinder is uniformly distributed in a˜(y) and the
orientation ωζ is uniformly chosen to satisfy the well-aligned
criterion ωζ ·ωy > 1−τ‖. Clearly, the summation in Eq. (22)
is effectively over the cylinders the new cylinder ζ can be
connected with.
This birth rate leads the model to propose configura-
tions with connected objects much more often than using
the simple uniform proposal. In practice, it is also reason-
able to sample only in the regions where the data potential
is defined: v(y) > −∞. Hence, the Lebesgue measure ν(K)
in this case can be calculated as
ν(K) =
∫
k∈K
1
 ∫
m∈M
1{v[y(k,m)]>−∞}dνM (m)
>0
dk
(24)
In order to perform the maximisation of p(y, θ), the
previously described sampling mechanism is integrated into
a simulated annealing algorithm. The simulated annealing
is a global optimisation method. It iteratively samples from
pn(y, θ) ∝ [p(y|θ)p(θ)]1/Tn , while Tn goes slowly to zero.
Stoica et al. (2005a) proved the convergence of a simulated
annealing algorithm based on a Metropolis-Hastings dynam-
ics for marked point processes, if a logarithmic cooling sched-
ule is used. According to this result, the temperature is low-
ered as
Tn =
T0
logn+ 1
, (25)
where T0 is the initial temperature.
4 EXTRACTING AND DEFINING THE
FILAMENTS
In this section we describe how we set up the experiment
and extract the filaments. Our aim is to use the result ob-
tained using marked point processes to compile a filament
catalogue. Every filament in this catalogue is represented as
a spine: a set of points that define the axis of the filament.
4.1 Experimental setup
As described above, we use the data set drawn from the
SDSS contiguous area. The sample region K is the observed
volume in space.
In order to choose the values for the dimensions of the
cylinder, we use the physical dimensions of galaxy filaments
that have been observed in more detail (Pimbblet et al.
2004); we used the same values also in our previous pa-
pers (Stoica et al. 2007b, 2010): a radius r = 0.5h−1Mpc.
The same scale has been also used by Smith et al. (2012)
and Tempel et al. (2013) showed that filaments of this size
may influence galaxy evolution, so this seems to be the most
interesting scale for galaxy filaments. Naturally, the nature
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Table 1. All parameters used to define the model and to extract
the filaments. All distances are in h−1Mpc.
Param. Description Value
r cylinder radius 0.5
h cylinder length [3.0, 5.0]
ρh locally high density 1.0
ρu locally uniform spread 4.0
nmin minimum number of galaxies 3
chyp hypothesis test coefficient [0.7, 0.9]
ra attraction radius 0.5
τ⊥ orthogonal cylinders 0.30
τ‖ parallel cylinders 0.15
γk repulsive cylinders 0
log γ0 0-connected cylinders [−2.0,−1.0]
log γ1 1-connection cylinders [−1.0, 0.0]
log γ2 2-connection cylinders [0.8, 1.8]
pb/pd/pc birth/death/change probabilities 0.5/0.2/0.3
p2 connected birth probability 0.8
∆k max shift for change move 0.2
∆ω min cosine for orientation change 0.95
T0 initial temperature 5.0
δ steps between temperature changes 100 000
Niter number of cycles 200 000
Nsim number of simulations 50
Llim limiting visit map value for filaments 0.05
DG lim limiting orientation strength 0.75
τlim limiting angle for filaments 0.95
κlim limiting curvature for filaments 1.0
of filaments is hierarchical (Shen et al. 2006; van de Wey-
gaert & Bond 2008a,b; Arago´n-Calvo & Szalay 2013) and
the chosen scale of filaments can be arbitrary. In the present
paper, we aim to detect filaments that have the strongest
impact on galaxy evolution: for that the scale should be rel-
atively small. Taking into account the data resolution in the
SDSS, the scale r = 0.5h−1Mpc is the minimal one we can
choose. The length of a cylinder is chosen to be h = 3.0–
5.0h−1Mpc, which is the shortest possible (the ratio of the
cylinders length to its diameter is 3:1 to 5:1). The length in
this range is considered to be free to more effectively sample
the low number density regions.
We choose the attraction radius ra = r, which ensures
that the end points of connected cylinders are not too far
apart. For the cosines of the maximum curvature angles we
choose τ‖ = 0.15 and τ⊥ = 0.3. This allows for a maximum of
≈ 30◦ between the direction angles of connected cylinders
and considers the cylinders to be orthogonal, if the angle
between their directions is larger than ≈ 70◦.
The model parameters (r, h, ra) influence the detection
results. If they are too low, no filaments will be detected. If
they are too high, the detected filaments will be too wide
and/or sparse, and precision will be lost. Still, the precision
can be increased and the influence of model parameters can
be minimised, when sets of simulations and visit maps are
used (see Sect. 4.2): in a certain manner, it will average
the detection results. In this work, the model parameters
(r, h, ra) were chosen based on a previous knowledge and
after a visual inspection of the detected filamentary pattern.
Fixing the data and interaction energy parameters re-
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Figure 3. Distribution of cylinder data potentials in a final con-
figuration y (solid red line): the contribution to the data poten-
tials from hypothesis testing (dotted green line) and from con-
centration (dashed blue line) are also shown. The peaks in the
hypothesis testing distribution are caused by a small number of
galaxies in a cylinder.
quire an “initial guess” of the size of the solution. This guess
does not need to be precise. The stochastic algorithmic “ma-
chinery” will do the job, due to its mathematical theoretical
properties. Nevertheless, from a practical point of view, if
the range of parameters allows only very few cylinders in
the configuration, then the detection may be incomplete.
On the other hand, if too many cylinders are allowed, then
the detection may contain a lot of false alarms. Attention
should be also paid when the measure units are fixed. A
transformation of the measure units induces a transforma-
tion of the model parameters so that the same probabilities
are assigned to the same configurations of objects. Still, a
direct relation between the change of the measure units and
the model parameters is not easy to be derived, because of
the non-linear character of the model. Under these circum-
stances, the strategy we have adopted is the following. It is
generally accepted that the filaments occupy roughly 10%
of the observed volume (Forero-Romero et al. 2009; Jasche
et al. 2010; Arago´n-Calvo et al. 2010b). In the actual ob-
served volume ν(K) of the SDSS the observed filamentary
network is made of (roughly speaking, and with respect to
the chosen unit measure), about Ncyl = 3 × 104 cylinders.
This gives a coarse cylinder density of about Ncyl/ν(K) of
cylinders per unit of volume. Hence, a very intuitive way
of fixing the range of parameters is to equalise this density
with the probability density given by the model of having a
cylinder in an observed location. This probability density is
naturally approximated by the conditional intensity of the
model. Hence, we get
Ncyl
ν(K)
= λ(ζ;y) =
p(y ∩ {ζ})
p(y)
(26)
or
log
[
Ncyl
ν(K)
]
= U(y)− U(y ∩ {ζ}), (27)
where ζ is the new cylinder to be added to the configuration
y.
The definition of the data energy needs some predefined
parameters. To test for the “locally high density”, we fix
ρh = 1.0: the assumed number density in a filament should
be at least three times larger than in its outer layers. For
the “locally uniform spread” we set ρu = 4, this allows some
lumpiness along the filament and at the same time penalises
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Figure 4. Detected filamentary pattern (cylinder axes) in a small sample volume within a pattern of galaxies (points). Upper left panel:
single MCMC simulation detecting the filamentary pattern; upper right panel: the superposition of 25 independent simulations (for
visual clarity, we show only half of the simulations). Cylinders are colour-coded as following: 2-connected (red), 1-connected (green),
and isolated (grey). Galaxies in groups with 10 or more members are shown with red points; other galaxies are shown with grey points.
Lower panels show the cylinders from 1000 realisations (it corresponds to the visit map) used to extract the filament spines; in lower
right panel, the extracted filament spines are also shown with blue lines. The movie, showing the MCMC in action is available at
http://www.aai.ee/~elmo/sdss-filaments/.
filaments that cross large clusters. The minimum number of
galaxies inside a cylinder is set to be nmin = 3. To assure
balance between the concentration and hypothesis testing
terms, the constants in front of the hypothesis testing term is
chosen to be chyp ∈ [0.7, 0.9]. The value is chosen uniformly
within the given interval. The distribution of the cylinder
data potentials after the simulation are shown in Fig. 3, to-
gether with the distributions of the hypothesis testing term
and the cylinder concentration term: we see that for given
data and chosen parameters, these two terms are compara-
ble and the overall data potential is reasonable.
For interaction energy, the potentials (log γk, log γs)
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Figure 5. The time series of the numbers of cylinders (0,1,2-
connected) in a configuration (upper panel). Cumulated means
for 0,1,2-connected cylinders (lower three panels, respectively)
computed for the final part of the simulation: superposition of
50 independent simulations.
are chosen from an uniform prior density p(θ). We have
opted for this choice since no information concerning the
relative strength is available (Stoica et al. 2007a,b, 2010).
Still, the general guidelines for fixing the prior parame-
ters are that 2-connected cylinders are generally encour-
aged, while 1-connected cylinders are slightly penalised and
0-connected cylinders are strongly penalised. This choice en-
courages the cylinders to group in filaments in those regions
where the data energy is good enough. Hence, the prior do-
main was set to log γ0 ∈ [−2.0,−1.0], log γ1 ∈ [−1.0, 0.0],
and log γ2 ∈ [0.8, 1.8]. The repulsion parameter γk = 0,
so configurations of repulsing cylinders are forbidden. The
prior domain for log γs was chosen based on the distribution
of data energies (see Fig. 3): the chosen domain have to be in
balance (in the same range) as data potentials for cylinders.
In Table 1 the parameters of the Metropolis-Hastings
algorithm and the simulated annealing algorithm are also
given. For the change move, the maximum shift for the cylin-
der centre is ∆k and the minimal cosine between the old and
new direction angles is ∆ω 6 |ωold ·ωnew|. We use a uniform
prior for cylinder shift in a spherical volume with radius ∆k:
orientations are taken uniformly on a unit sphere.
4.2 Extracting the filamentary pattern spine
The solution provided by our model is stochastic. Therefore
some variation in the detected patterns is expected for differ-
ent runs of the method. In Fig. 4 (upper left panel) a single
MCMC simulation is showed, while indicating the different
Figure 6. Cumulated standard deviations for 0,1,2-connected
cylinders computed for the final part of the simulation: super-
position of the 50 independent simulations.
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Figure 7. Box-plots of the estimated mean (upper row) and
standard deviation (lower row) distributions for 0,1,2-connected
cylinders. The values are computed from the final configurations
of 50 independent simulations.
types of cylinders: isolated (grey), single-connected (green),
and double-connected (red). The Fig. 4 (upper right panel)
presents the superposition of 25 independent simulations.
It can be seen, that the main features of the filamentary
pattern are detected by most of the simulations, while dif-
ferences that appear are due to the random effects of the
method.
In order to have a more precise measure of these differ-
ences, a brief statistical exploratory analysis was done. To
do this the sufficient statistics of the model (the number of
0,1,2-connected cylinders) were analysed. In one simulation,
the simulated annealing algorithm run during 20×109 steps
or moves. One step consists of one iteration of the transition
kernel of the MH dynamics, that is an accepted or rejected
birth or death or change proposal. The temperature was low-
ered every 105 iterations (one cycle): this number of moves
was considered sufficiently high in order to obtain almost
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un-correlated samples. Finally, we get 20× 104 samples per
simulation. In all, we have considered 50 independent simu-
lations.
The results of the exploratory analysis are shown in
Figs. 5 and 6. Figure 5 (upper panel) shows the number of
cylinders in configuration as a function of cycles. We see
that initially the number of 2-connected cylinders increases
but it remains roughly constant after a certain time. The
number of 0- and 1-connected cylinders decreases: this de-
crease is expected since simulated annealing penalises these
cylinders more over time. Eventually, these numbers also
approach a constant value. The three lower panels in Fig. 5
show the cumulated means for the final part of the simula-
tions: superposition of 50 simulations are shown. From this
figure we see that the number of 0,1,2-connected cylinders
tend to have similar statistical values in every simulation.
The cumulative standard deviations are shown in Fig. 6.
The box-plots of the mean and standard deviation distribu-
tions obtained from the final realisation of 50 independent
simulations are shown in Fig. 7. The standard deviation is
much larger than the variation in mean numbers of cylin-
ders, showing that all the 50 simulations are statistically
equivalent.
These numerical results are coherent with the detection
obtained in Fig. 4. The robust part of the network is given
by the 2-connected cylinders. The part of the network made
of 0- and 1-connected cylinders may be considered at a quick
look as “noisy”. Still, the question what part of this “noisy”
part is relevant for the filamentary network, is of real in-
terest. Our manner of answering it was to leave the model
parameters rather free, since we do not know exactly how
the objects we are looking for look like. Averaging several
simulation results and spine detection should eliminate the
“noisy” part while keeping the important short filaments.
There is another point to be outlined. Our plots show
that simulated annealing does not reach convergence yet (in
theory, it converges at infinity). This is due to the real com-
putational time needed for getting the results: with modern
computers, one simulation takes approximately 1000 CPU-
hours in a single CPU. There was a compromise to be done
here: choosing an appropriate cooling schedule and stopping
the algorithm after a while, or choosing a fast cooling sched-
ule and stating that the algorithm “converged”. We have
chosen the first approach. The convergence of the MCMC
simulation methods is still an open research problem. For
the reader interested to get a deeper insight of this very in-
teresting problem we recommend as a starting point Robert
& Casella (2004).
The main advantage of using such a stochastic approach
consists in the ability of the model to give a simultaneous
morphological and statistical characterisation of the pattern.
This allows the comparison of several filamentary networks
and this idea was used in a previous study to compare mock
catalogues and observed data (Stoica et al. 2010). Neverthe-
less, it is legitimate to wish to have a smooth map of these
filaments. A solution to this problem is, under the hypoth-
esis of the model, to estimate the probability that a point
belongs to the filamentary network and to look at those re-
gions where these values are higher than a given threshold
(Stoica et al. 2007a,b, 2010). Several realisations should be
used to estimate this quantity and the filamentary network is
smoothed. In our previous work, these quantities are called
visit maps, and this name is kept in the following, due to
its suggestivity. In mathematics, these quantities are known
as level sets and the convergence of these type of estimators
was studied in Heinrich, Stoica & Tran (2012). The visit
map estimated from a number of 1000 realisation is shown
in Fig. 4 (lower left panel).
Another very important aim of our work is to link the
richness of our approach with the very efficient existing de-
terministic methods for filaments finding. Therefore, in the
following a method for filamentary pattern spine detection
is proposed. Figure 4 (lower right panel) shows the result
of the introduced method. The main difference with the ex-
isting methods is that the spine detector we build uses the
information provided by our stochastic approach. This infor-
mation consists of different quantities that can be estimated
locally using our model. These quantities estimate different
probability and visit maps and also statistics related to the
orientation field induced by the filamentary network.
The spine detection we propose is based on two main
ideas. The first idea is that filament spines are situated at
the highest density regions outlined by the filament prob-
ability maps. Next, in these regions of high probability for
the filamentary network, the spines have an orientation that
is aligned with the direction given by the orientation field of
the filamentary network. On the contrary, in cross sections
of filaments, the filament detection probability can be high,
but the orientation field is not clearly defined. The filament
spine detection method is described below in detail.
First, we re-call the visit map estimator L(k) for a given
point k = (x, y, z)
L(k) = 1
N
N∑
i=1
1{k ∈ Y i}, (28)
where Y 1,Y 2, . . . ,Y N are N cylinder configurations and
1{k ∈ Y i} is the indicator function testing whether the
point k belongs to any of the cylinders in the configuration
Y i. By this definition, the visit map is defined to be in the
range L(k) ∈ [0, 1].
The density map D(k) of filaments is defined as a
weighted visit map (level set). For a given point k = (x, y, z)
it is defined as
D(k) = 1
N
N∑
i=1
∑
y∈Y i
exp [v(y)]1{k ∈ y}∑
y∈Y i
1{k ∈ y} , (29)
where the first summation is over realisations and the sec-
ond summation is over cylinders in that given configuration
Y i. The potential function v(y) for a cylinder y is defined by
Eq. (15). The indicator function 1{k ∈ y} acts as a cylindri-
cal kernel and selects the points that the cylinder y covers.
Note that a point k can be covered by a several cylinders
in one configuration, but effectively all configuration have
equal weights. We weight the visit map to suppress weak in-
tersecting filaments (to reduce the noise) and to encourage
stronger filaments.
The orientation field G(k,ω) for a point k and for a
orientation ω = φ(η, τ) is defined as
G(k,ω) =
N∑
i=1
∑
y∈Y i
exp [v(y)]1{k ∈ y}|ω · ωy|
N∑
i=1
∑
y∈Y i
exp [v(y)]1{k ∈ y}
, (30)
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Figure 8. Sky projections of luminosity density field (left panels) and the visit map (right panels) at distances 50 h−1Mpc (top row)
and 100 h−1Mpc (bottom row). Luminosity density field is smoothed with 1 h−1Mpc B3 spline kernel. For better visualisation, both
images are created by summing up projected densities on several planes within range of −4 . . .+ 4 h−1Mpc from the indicated distance
(using 1 h−1Mpc step) and presented in logarithmic scale. Extracted filaments in the same distance interval are drawn with red and
white lines, the width of line denotes the distance between filament and the plane of the image. There is good correspondence between
the structures in the luminosity density field and detected filaments. The fly-through movie, showing the full observed volume is available
at http://www.aai.ee/~elmo/sdss-filaments/.
where ω · ωy denotes the scalar product between the orien-
tation vector ω and the cylinder orientation ωy. Using this
definition, G(k,ω) ∈ [0, 1]. Using the orientation field, we
also define density field for orientation strengths: the max-
imum of the orientation field depending on ω at a given
location k is DG(k),
DG(k) = max {G(k,ω)} . (31)
This quantity is a weighted estimator of the expectation of
the scalar product between the orientation ω at the loca-
tion k. If the cylinder orientation ωy is uniform on the unit
sphere, then the absolute values of the scalar product is a
uniform random variable between 0 and 1. Hence the value
of DG under the uniform assumption should be close to 0.5.
If all the cylinders are aligned with respect to ω then the
value of DG should be close to 1. If we are interested in
the situation that the majority of cylinders are aligned to
ω, then we may test DG > DG lim with DG lim a pre-defined
threshold value rather close to 1. For our purposes we set
DG lim = 0.75, since this value may suggest a half way dis-
tance between the uniform and the completely aligned case.
The corresponding orientation of the maximum value
DG(k) at location k is ωG(k) and it is defined as
ωG(k) = arg max
ω
{G(k,ω)} . (32)
For computing the previous estimators the last 32 ex-
tracted realisation from a single run of the algorithm were
kept: we extracted the realisations after 1000 cycles. In to-
tal we have used 50 independent runs of the algorithm. This
gives in all 1600 cylinder configurations to be used for com-
puting the previous defined quantities.
At a first look, the previous quantities can be computed
locally, hence there is no need for keeping track of the cylin-
der configurations. In our case we need to calculate the visit
map (and orientation map with orientations) in a grid with
grid-step smaller than 0.1 h−1Mpc to accurately determine
the spine of the filaments. Due to the limitations of the com-
puter memory, it cannot be computed globally for the en-
tire simulation box. In order to calculate the visit map and
orientation map with sufficiently fine grid, they have to be
computed locally. For that purposes, we store the cylinder
configurations from every simulations and compute the visit
maps and orientation maps locally as defined above. The ad-
vantage of this approach is that all required quantities can
be computed for every space and orientation in the sample
volume and we are free of gridding. The chosen 1600 cylinder
configuration is large enough for visit map and orientation
map estimation and at the same time it requires reasonable
amount of computational resources.
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Using previous definitions, for every point k we have
three values: the filament density D(k), the orientation
strength DG(k), and the filament orientation in that loca-
tion ωG(k). To extract a single filament using these three
quantities, we do the following.
(i) We start at a point of the highest density D(k) that is
not yet masked out (we will discuss masking later). We desig-
nate this point as k0. The initial density map is calculated on
a 0.5 h−1Mpc grid, which is sufficiently fine (compared with
cylinder size) for global maxima. After maximum is found,
the density map is calculated locally on a 0.01 h−1Mpc
grid. Initially, all the regions where L(k) < Llim = 0.05
are masked out: e.g. we are searching for the filaments in
the regions that have been covered at least in 5% of the re-
alisations. We remind that all the detected structures are
filaments by definition, and this is only the detection prob-
ability that depends on the model parameters.
(ii) If the orientation at that point is defined, we start
extracting a filament. We say that the orientation is defined
if DG(k0) > DG lim = 0.75. Otherwise, we mask out the
region around this point and continue with the step (i). The
size of the masked region is taken as 1.0h−1Mpc.
(iii) We look from the point k0 to both sides along
ωG(k0).
(iv) To extract the filament, we move from the point k0
in the direction ωG(k0) by δx = 0.5h−1Mpc. The step size
is arbitrary, but a smaller step size gives smoother filaments.
The step size δx = r is good enough (r is the cylinder ra-
dius). We designate the new point as ki.
(v) We calculate the density map DωG (ki) that is perpen-
dicular to the direction ωG(ki). The density map DωG (ki) is
two-dimensional and from that map we find the maximum
that is closest to the point ki: the location of this maximum
is marked as ki′.
(vi) If the orientation is not defined at ki′, we stop the
filament extracting algorithm and continue with the step (x).
(vii) If the orientation is defined (DG(ki′) > DG lim) we go
forward by δx and find a new point as previously explained.
This point is needed to perform two additional checks.
(viii) Firstly, to avoid breaks in the filament, we calculate
the curvature of the filament at the point ki′ using this point
and its neighbours. The curvature κ = 1/R, where R is the
radius of the sphere that these three points touch. We use
the limiting value κ > κlim = 1.0 to stop the filament finding
algorithm.
(ix) Secondly, we require that the orientation at the point
ki′ and at the neighbouring points is roughly the same:
max|ωG(ki′) · ωG(ki±1)| > τlim = 0.95. (33)
If the tests are not satisfied, we stop the filament finding
algorithm. Otherwise, we move in the direction ωG(ki′) by
δx and continue with the step (v).
(x) If all the filament points from both sides of k0 have
been found, we mask out the region that this filament covers.
The radius of the masked out region is taken 1.0h−1Mpc
(twice the filament radius). We save the extracted points as
a single filament.
(xi) We return to the point (i) until all the volume is
masked out.
Basically, this algorithm walks along the mountain
chain in the filament density map and tests if the orienta-
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Figure 9. The upper panel shows the fraction of galaxies in fila-
ments (red solid line) and the fraction of observed luminosity in
filaments (grey dashed line) as a function of distance. The green
dotted line shows the fraction of luminosity in groups and the blue
dot-dashed line shows the fraction of luminosity in groups that are
not in filaments. The filament radius is taken to be 0.5 h−1Mpc.
The lower panel shows the fraction of galaxies in filaments for
different group richness bins.
tion is defined and the orientation is the same as the walking
direction. There are only four parameters that define the fila-
ments: Llim = 0.05 defines the limiting visit map density and
the strength of a filament, DG lim = 0.75 defines the orienta-
tion and estimates the strength of orientation for a filament,
κlim = 1.0 defines the limiting curvature, and τlim = 0.95
defines the angle between the filament and the orientation
field. All these criteria are unimportant for strong filaments,
but they influence the regions where filaments intersect or
the regions where filaments are poorly defined.
5 RESULTS AND DISCUSSION
Figure 8 illustrates the detected filaments and their axes. In
left panel are shown the luminosity density field smoothed
with 1 h−1Mpc B3-spline kernel. Right panel shows the cor-
responding visit map (L) for detected filaments. Extracted
filament spines are shown with lines. Qualitatively, the fila-
ment axes plotted in these figures appear to closely trace the
underlying large-scale filaments. This is not surprising be-
cause, by definition, our filament finder is based on cylindri-
cal shapes and the filament detection probability field should
trace the filamentary structures. Tempel et al. (2014) used
the Bisous process to detect the filaments from dark matter
simulations and showed that the detected filaments are very
well aligned with the underlying velocity field. This shows
that the detected filaments are also dynamical structures.
The upper panel in Fig. 9 shows the fraction of galax-
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Figure 10. Upper panel: the distribution of galaxy distances
from the nearest filament axis. After 0.5 h−1Mpc, the distribution
is dropping since our defined filament radius is 0.5 h−1Mpc. The
number of galaxies closer than 0.5 h−1Mpc to the filament axis is
shown in the figure. Lower panel: the number density of galaxies
as a function of the distance from the axis.
ies in filaments as a function of distance: the red solid line
shows the number of galaxies and the grey dashed line shows
the fraction of luminosity in filaments. We note that there
is slightly more luminosity in filaments than the number
fraction predicts – meaning that in filaments the luminosity
density of galaxies is higher than in average. The green dot-
ted line in the upper panel of Fig. 9 shows the fraction of
luminosity that is in groups (we use the groups as defined in
Tempel et al. 2012). Since we use a flux-limited sample, the
number density of groups (and their luminosity) is higher
for nearby regions. The blue dot-dashed line shows the frac-
tion of luminosity in groups that are not in filaments. We
see that this fraction is almost constant. The lower panel in
Fig. 9 gives an explanation for that. Most of the galaxies
that are in filaments are also in small groups and since fila-
ments have a chain-like inner structure, the nearby filaments
are made of smaller groups that are aligned. Further away,
the number density of smaller groups is lower and the fila-
ment detection probability is also lower (the red solid line in
the upper panel). The lower panel in Fig. 9 also shows that
isolated galaxies are preferentially not located in filaments
and also the galaxies in large clusters are mostly not in fila-
ments: only galaxies in the outskirts of large clusters are in
filaments.
All this implies that filaments are far from being smooth
uniform structures. Visual inspection of the density field and
the spines of filaments (Fig. 8) shows that filaments are pop-
ulated by small galaxy groups and large clusters are in inter-
section of those filaments, as already shown in Bond et al.
(1996). The same impression is quantitatively confirmed in
Fig. 9.
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Figure 11. The filament volume distribution as a function of the
filament length. The distribution is shown for various limiting
covering probability values (Llim). The lower panel emphasises
the differences for long filaments.
The fraction of galaxies (or luminosity) in filaments
gives us roughly the mass filling fraction of filaments. Up
to distance 250 h−1Mpc, the fraction is 35–40%, which is
in very good agreement with N -body simulations (Forero-
Romero et al. 2009; Arago´n-Calvo et al. 2010b; Hoffman
et al. 2012). Using the SDSS data, the same filament mass
filling fraction has been measured by Jasche et al. (2010). We
note that after 250 h−1Mpc, the number of detected struc-
tures decreases. Smith et al. (2012) search structures in the
SDSS in the same scale as we, and their number of detected
structures follows the same behaviour with distance. This is
logically expected, since the number density of objects (that
decreases with distance in flux-limited survey) is strictly re-
lated to the number of detected structures.
Although filaments have been studied extensively in
general, there are only few studies addressing their ra-
dial density profile (Colberg et al. 2005; Dolag et al. 2006;
Arago´n-Calvo et al. 2010b). However, in these papers, larger
filaments are considered, so a strict comparison is not possi-
ble. Figure 10 shows the filament radial profile in the current
study: the upper panel shows the distribution of the num-
ber of galaxies per radius, the lower panel shows the number
density profile for filaments. We see that most of the galaxies
in filaments are closer than 0.5 h−1Mpc to the filament axis.
This is because our defined filament radius is 0.5 h−1Mpc.
We also see that there is a break in the density profile around
r = 0.2 h−1Mpc. Using weak lensing, Jauzac et al. (2012)
studied a single filament that connects two clusters and they
also see the break in the density profile roughly at the same
distance. Direct comparison with other studies is possible,
once we extract thicker filaments: this is planned for future
work.
Another interesting quantity is the filament length dis-
tribution. Figure 11 shows the filament length distribution
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Figure 12. The upper panel shows the filament length as a func-
tion of distance from the observer. The lower panel shows the
number of galaxies in a filament as a function of distance.
in the linear (upper panel) and logarithmic (lower panel)
scale. The distribution is shown for different minimum de-
tection probability values (Llim). The black solid line shows
the filaments as given in our catalogue. Increasing the limit-
ing detection probability, the filaments start to fragment and
small (weak) filaments disappear. We see that increasing the
detection probability up to 0.2 practically does not change
the long-end of the distribution. The longest filaments are
strong and dominant filaments. We emphasise that the value
of the detection probability is model dependent and it does
not reflect the probability of the filamentary structure (all
detected structures in our model are filaments based on the
definition).
The filament length distribution has been also stud-
ied in Bond et al. (2010b) using N -body simulations. Com-
pared with our length distribution, the longest filaments are
roughly the same, but we have more short filaments. This is
probably because the spatial distribution of observed galax-
ies is sparse and in many cases we only found a piece of a
filament.
The maximum length of our filaments is ∼ 60 h−1Mpc.
This is in very good agreement with other measured values
(Bharadwaj, Bhavsar & Sheth 2004; Bond, Strauss & Cen
2010b; Pandey et al. 2011).
Figure 12 shows the filament lengths and the number
of galaxies in filaments as a function of distance. We note
that both distributions are quite uniform. There is lack of
long filaments in the nearby region because its volume is
small. Further away, the longest filaments are missing be-
cause the number density of galaxies is too low. However,
there exist filaments with lengths up to 30 h−1Mpc fur-
ther than 400 h−1Mpc. The number of galaxies in filaments
(lower panel) decreases with distance because we used a
flux-limited sample: the faintest galaxies are missing further
away.
Figure 13. The upper panel shows the filament luminosity as a
function of distance. The lower panel shows the change of filament
luminosity per unit length with distance. The distribution for the
luminosity per unit length is much more tight. Red dots are for
all filaments, blue dots are for long filaments (at least 10 h−1Mpc
long).
Figure 13 shows the luminosity of a filament (upper
panel) and the luminosity per unit length (lower panel) as
a function of distance. We notice that the faintest filaments
are missing further away, because of the flux-limited sur-
vey. However, the upper limit is distance independent and it
shows that the brightest filaments nearby and further away
are practically the same. We also note that the scatter in
the lower panel is quite small, indicating that luminosity per
unit length in filaments does not vary much. Blue points in
the figure show the longest filaments (at least 10 h−1Mpc
long). We see that the longest filaments are also the most lu-
minous filaments, however, their luminosity per unit length
lies within the average. This indicates that short and long
filaments have on average the same luminosity density.
One important quantity that describes filaments is their
volume filling factor. Figure 14 shows the volume filling fac-
tor as a function of distance. Since the number density of
galaxies decreases with distance, the volume filling factor
also decreases. The filament volume is calculated around the
detected spines, using the filament radius r = 1.0 h−1Mpc;
in the nearby region, the filling factor is ∼ 7% and it de-
creases with distance (due to the flux-limited survey). From
N -body simulations, the volume filling factor has been mea-
sured by Forero-Romero et al. (2009) and Arago´n-Calvo
et al. (2010b). In these papers, the volume filling factor
depends on the used threshold, but it is in order of 10%,
which is in good agreement with our results. Based on the
SDSS data, the filaments have been extracted by Jasche
et al. (2010). They use a novel Bayesian sampling algorithm,
which permits precise recovery of poorly sampled objects in
a non-linear density field. Based on their analysis, the fila-
ment volume filling factor is 10–20%, which is slightly larger
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Figure 14. The volume filling fraction of filaments as a function
of distance. Red solid line shows the volume filling fraction for all
detected filaments. Other lines show the volume filling fraction,
when only longer filaments are considered. The filament volume
is calculated using the spines of the filaments and the filament
radius is taken to be r = 1h−1Mpc.
than ours. However, since they use a 3 h−1Mpc grid their
filaments are thicker than ours and these results cannot be
directly compared. On the contrary, Hoffman et al. (2012)
showed that the filament volume filling fraction is 4–5% us-
ing the velocity shear tensor. This is slightly lower than we
found in the current study (considering the fact that we do
not detect all structures). Since the mass filling fractions in
both studies are comparable, the filaments found in the ve-
locity field are probably located mostly in higher density en-
vironments and are somewhat thicker (Tempel et al. 2014).
5.1 Robustness of the filamentary pattern
detection
Our method is sensitive to the galaxy density. If a data set
contains too few galaxies, no filaments will be detected since
the filamentary pattern is not observable. If the data set
contains many galaxies, the filamentary network is already
defined, hence our method will always work. Indeed, intu-
itively, there is an optimal range for the galaxy number den-
sity so that our model delineates correctly the filaments.
In general, the model parameters depend on the min-
imum number density. The model parameters of our “ma-
chinery” were designed studying the SDSS data set. After
several trials and errors, we found the parameter values that
give the best results (see Table 1). To reliably determine fil-
aments, two (preferentially three or more) cylinders have to
be aligned and connected. With the present model param-
eters, this leads to the minimum number density (inside a
filament) of 6 galaxies within a cylindrical volume of the
radius 0.5 and the length 6–10 h−1Mpc.
As the data energy in our model is determined by the
ratio of densities in the cylinder and its shadow, it does not
depend on the local number density of galaxies (for fixed
model parameters, and if the minimum number density con-
dition is satisfied). This allows us to detect physically simi-
lar filaments regardless of the environmental density, and our
method can recover structures of relatively sparsely sampled
objects (filaments in lower density environments).
In a flux-limited survey, the number density of galaxies
decreases with distance. For our model, it means that the
filament detection probability decreases (we do not detect
all filaments further away and/or we only detect parts of
the filamentary network), but the reliability of the detected
filaments, determined by the visit map value, is largely un-
affected, due to the robustness of the model.
As an example, Figure 14 shows the volume filling frac-
tion of filaments as a function of distance. Including all fila-
ments (red line), the sample is not homogeneous. However,
it is possible to construct a statistically homogeneous sub-
sample of filaments, when the sample is limited by distance
and filament length. Figure 14 shows that when using only
longer filaments, the volume filling fraction is roughly con-
stant with distance up to 240 h−1Mpc. Further away, the
galaxy number density decreases rapidly, and the full fila-
mentary network for the scale used here (r = 0.5h−1Mpc)
is not clearly outlined.
Another important point to be raised is the question
whether the optimal choice of the model parameters should
depend on the galaxy number density. Stoica et al. (2010)
addressed this issue and concluded that simple choices (e.g.
increasing the cylinder size) do not produce good results:
different cylinder sizes detect different structures. To reduce
the incompleteness in filament detection, larger cylinders
should be used everywhere to detect the same structures.
How can shot noise affect the filament detection in low
number density regions? Like for any other methods, shot
noise affects the results. The main advantage of our method
is in its probabilistic nature. Individual realisations of the
solution may be sensitive to noise. Still, averaging these real-
isations reduces the noise influence, and allows computation
of robust statistical quantities (Stoica et al. 2010). These
quantities are the estimates of the sufficient statistics, the
level sets (visit maps) and the local detection probability.
It is also possible to think about the reverse formulation
of the detection problem. That is, knowing the topological
structure of the filamentary pattern, we may wonder what
is the density range within the observed volume, that still
outlines the given filamentary network. However, the opti-
mal model choice for filament detection, is at the moment
an open mathematical and data analysis problem.
6 CONCLUSIONS AND FUTURE WORK
This paper uses and develops an object point process with
interactions (the Bisous process) to trace the filamentary
network in the flux-limited SDSS data. This method works
directly on the galaxy distribution and does not require any
additional smoothing, it only requires fixing the scale of
structures. For the current work, we fixed the radius of a
filament as r = 0.5 h−1Mpc, which is close to the scale
of galaxy groups/clusters; such filaments should have the
largest impact for galaxy formation and evolution.
Our filament finder is probabilistic in the sense that
it gives us the filament detection probability field together
with the filament orientation field. Using these two fields,
we define the spines of the filaments and extract single fila-
ments from the data. We showed that the detected filaments
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fit well with the visible large-scale structure. The composed
catalogue of filaments for the SDSS is made publicly avail-
able (see Appendix A).
We showed that the filament mass and volume filling
factors are in good agreement with structures found in N -
body simulations and in previous observational studies. The
mass filling fraction of our filaments is 35–40%, and the vol-
ume filling fraction is ∼ 8% and decreases with distance due
to the flux-limited data. Consequently, filaments contain the
largest fraction of mass in the Universe and they represent
the most salient component of the cosmic web: they form the
bridges between all structural features at the group/cluster
scale.
Our catalogue of filaments is not the first attempt to
extract filaments from SDSS data. Filaments from SDSS
have been extracted by Sousbie et al. (2008), Jasche et al.
(2010), and Smith et al. (2012). In the following studies, we
plan to compare how various filament finders work and how
the filaments detected using different methods differ.
In our method we have to define the filament scale (ra-
dius). In the current study it is fixed at 0.5 h−1Mpc. This
scale was chosen to find the bridges between galaxy groups
and because it was known that this scale affects the galaxy
evolution (e.g. Tempel et al. 2013; Tempel & Libeskind
2013). Since filaments are hierarchical by nature (Arago´n-
Calvo et al. 2010b; Smith et al. 2012) it is interesting to
search for filaments at many scales. The number density of
galaxies in the SDSS does not allow to search for smaller
filaments. We are preparing our filament finder to search
for thicker filaments, and the catalogue and comparison of
multi-scale filaments will be our next step. The multi-scale
filaments will allow us to better determine the filament scale
that affects galaxy evolution.
Figure 9 shows that galaxies in large clusters are not in
filaments. This is expected since filaments are the bridges be-
tween clusters and large clusters are in intersection of many
filaments (Arago´n-Calvo et al. 2010b). In our following work,
we plan to study how filaments and groups/clusters are con-
nected and how this connection depends on cluster/filament
properties.
The Bisous process can also be applied to other struc-
ture elements, as clusters, sheets, and voids. This is also one
the future directions of our work.
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APPENDIX A: DESCRIPTION OF THE
CATALOGUE
The catalogue of filaments consists of three tables. The first
table lists the extracted filaments and the general proper-
ties (e.g., length) of the filaments. The second table gives
all the filament points with their properties: every filament
from the first table consists of a point set with a spacing
of ≈ 0.5 h−1Mpc. The third table lists the galaxies that we
used to generate the filaments: the galaxies are extracted
from Tempel et al. (2012). The galaxy table lists the basic
galaxy properties (for more properties, please see the Table
in Tempel et al. 2012) together with the info on the filament
where the galaxy belongs to.
The catalogues are accessible at http://www.aai.ee/
~elmo/sdss-filaments/ with a complete description in the
readme.txt file. We give these catalogues as ascii files as
well as a fits table with three extensions, one for each ta-
ble. We will also upload the catalogues to the Strasbourg
Astronomical Data Center (CDS).
A1 Description of the filament catalogue
The filament catalogue (see Table A1) contains the follow-
ing information (the column numbers are given in square
brackets):
1. [1] id – unique identification number for a filament;
2. [2] npts – number of points in the filament with a spac-
ing ∼ 0.5 h−1Mpc (the filament consists of these points);
3. [3] len – filament length in units of h−1Mpc, measured
along the filament from point to point;
4. [4–5] ngal1, ngal2 – numbers of galaxies in the fila-
ment that are closer than 0.5, 1.0 h−1Mpc to filament axis;
5. [6–7] lum1, lum2 – luminosity of the filament: the sum
of luminosities of observed galaxies that are closer than 0.5,
1.0 h−1Mpc to filament axis (in units of 1010h−2L);
6. [8–10] xmin, ymin, zmin – filament minimum coordi-
nate in x, y, z axis; the coordinates are defined by Eq. (1);
7. [11–13] xlen, ylen, zlen – filament range in x, y, z
axis.
A2 Description of the filament points table
The table of filament points (see Table A2) contains the fol-
lowing information (the column numbers are given in square
brackets):
1. [1] id – filament identification number;
2. [2] idpts – unique identification number for a filament
point, shared for all filaments;
3. [3] npts – number of filament points in the filament the
point belongs to;
4. [4] len – length of the filament (in units of h−1Mpc)
the point belongs to;
5. [5–7] x, y, z – the co-moving coordinates (x, y, z) in
units of h−1Mpc as defined by Eq. (1);
6. [8] dist – distance to the filament point in units of
h−1Mpc;
7. [9–11] dx, dy, dz – orientation of the filament at that
point as defined by ωG , the orientation is given as an unit
vector;
8. [12] vmap – visit map (level set) value (L);
9. [13] fden – weighted visit map value, filament density
(D);
10. [14] fori – strength of orientation as defined by DG .
A3 Description of the galaxies table
The table of galaxies (see Table A3) contains the following
information (the column numbers are given in square brack-
ets):
1. [1] id – unique identification number for a galaxy, as
used in Tempel et al. (2012);
2. [2] nrich – richness of the group the galaxy belongs to;
3. [3] redshift – redshift, corrected to the CMB rest
frame;
4. [4–5] ra, dec – right ascension and declination (deg);
5. [6] distcor – co-moving distance of the galaxy when
the finger-of-god effect is suppressed (as used in filament
extraction);
6. [7–11] mag x – Galactic extinction corrected Petrosian
magnitude (x ∈ ugriz filters);
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7. [12] lumr – absolute luminosity in the r-band in units
of 1010h−2L, where M = 4.64 (Blanton & Roweis 2007);
8. [13] w – weight factor for the galaxy (w·lumr was used
to calculate the luminosity density field);
9. [14] edgedist – co-moving distance of the galaxy from
the border of the survey mask;
10. [15] fil dist – distance from the nearest filament axis
(or from filament end point) in units of h−1Mpc;
11. [16] fil id – id of the nearest filament;
12. [17] fil idpts – id of the nearest filament point.
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Table A1. A sample of filament table. The full table is available online. See Sect. A1 for detailed description.
id npts len ngal1 ngal2 lum1 lum2 xmin ymin zmin xlen ylen zlen
Mpc/h 1010L/h2 1010L/h2 Mpc/h Mpc/h Mpc/h Mpc/h Mpc/h Mpc/h
1 50 24.79 17 22 24.57 40.07 -129.64 270.94 -158.41 17.97 13.90 6.47
2 91 45.27 21 25 30.94 36.40 -128.90 170.87 -120.65 14.51 38.65 11.60
3 45 22.22 20 28 5.85 8.98 49.34 87.33 -55.79 6.29 10.46 17.61
4 76 37.63 27 29 21.99 25.18 -46.78 134.59 41.37 7.24 30.41 9.61
5 33 16.22 18 25 7.33 11.01 -32.24 75.18 -15.86 1.79 15.40 3.31
Table A2. A sample of filament points table. The full table is available online. See Sect. A2 for detailed description.
id idpts npts len x y z dist dx dy dz vmap fden fori
Mpc/h Mpc/h Mpc/h Mpc/h Mpc/h
1 1 50 24.79 -111.66 270.94 -155.93 331.96 -0.5467 0.4396 -0.7126 0.434 0.095 0.855
1 2 50 24.79 -111.98 271.13 -156.31 332.40 -0.6738 0.5447 -0.4991 0.530 0.139 0.836
1 3 50 24.79 -112.33 271.36 -156.61 332.85 -0.7001 0.5836 -0.4113 0.586 0.176 0.788
1 4 50 24.79 -112.68 271.61 -156.87 333.29 -0.7015 0.5523 -0.4503 0.507 0.148 0.915
1 5 50 24.79 -113.04 271.85 -157.13 333.73 -0.7198 0.5147 -0.4657 0.451 0.131 0.974
Table A3. A sample of galaxy table. The full table is available online. See Sect. A3 for detailed description.
id nrich redshift ra dec distcor mag r lumr w edgedist fil dist fil id fil idpts
deg deg Mpc/h mag 1010L/h2 Mpc/h Mpc/h
16 2 0.1044 251.16 28.22 308.57 16.73 1.61 1.81 10.79 2.59 6778 177435
17 2 0.1062 251.17 28.13 309.10 17.40 0.91 1.81 11.05 2.54 6778 177435
18 3 0.1324 251.34 28.46 387.90 17.68 1.13 2.55 11.37 0.12 218 10252
19 3 0.1337 251.35 28.48 388.02 17.56 1.25 2.55 11.29 0.06 218 10253
22 3 0.1331 251.33 28.49 387.96 17.66 1.11 2.55 11.32 0.07 218 10253
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